Лекция 2. Уравнения в частных производных как математические модели
Общий вопрос: почему это может быть нам интересно? Мы рассматриваем общие уравнения математической физики как математические модели физических законов. 

2.1. Уравнение теплопроводности
Рассмотрим явление теплопередачи. Рассмотрим достаточно длинное и тонкое тело. Тогда характеристики тела зависят от единственной специальной переменной x. Предположим, что мы нагреваем тело массой m от температуры u1 до температуры u2. Необходимо, чтобы количество тепла
Q = cm (u2 – u1),
где c – теплоемкость материала. 
Обратите внимание, что масса зависит от размеров тела. Затем мы определяем соотношение между массой и плотностью, которая является действительной характеристикой материала. Плотность - это масса единицы объёма. Если мы рассматриваем одномерное тело, то плотность - это масса единичного интервала. Если мы рассматриваем тело длиной X, то соответствующая масса равна
m = X,
где  - плотность тела. Получаем следующую формулу для количества тепла  
Q = c (u2 – u1) X.
Пусть u1 – температура тела в момент t, u2 – температура тела в момент t+t. Формула для количества тепла:
                                                           Q = c (u|t – u|t+t) X.                                                   (2.1)
Формула (2.1) даёт нам значение количества теплоты в предположении, что температура не меняется на выделенном интервале [0,X]. В действительности температура u зависит от x. Следовательно, эта формула может быть верна, если длина этого интервала достаточно мала. Предположим, что X равно бесконечно малой величине dx. Обозначим через dQ соответствующее значение количества теплоты. Тогда имеем
                                                           dQ = c (u|t+t – u|t) dX.                                                (2.2)
Рассмотрим интервал от координаты x до координаты x+x. Для вычисления соответствующего значения количества теплоты необходимо проинтегрировать равенство (2.2) по x от значения x до x+x. Обозначим результат через Q1. Получаем

                                                                                                           (2.3)
Теперь возникает вопрос. Что является причиной изменения температуры? Значение температуры изменяется из-за теплового потока. Тепловой поток q - это количество тепла, проходящее через единицу площади за единицу времени. Если мы рассматриваем одномерное тело, то мы рассматриваем тепловой поток через конкретную точку. Тогда мы можем рассчитать количество тепла в конкретной точке за время T по формуле
Q = qT.
Вернёмся к рассмотрению интервала [x,x+x]. Предположим, что направления теплового потока и оси x совпадают. Тогда разность между тепловым потоком в конце и начале этого интервала равна
                                                             Q = (q|x+x – q|x) T.                                                    (2.4)
[bookmark: _GoBack]Наша следующая задача — расчёт теплового потока. Очевидно, что тепловой поток между двумя точками тела пропорционален разности его температур и обратно пропорционален расстоянию между этими точками. Кроме того, мы имеем тепловой поток от нагретой части тела к холодной. В частности, при повышении температуры от первой точки ко второй, тепловой поток направлен в обратном направлении. Таким образом, получаем формулу

,
where x1 and x2 are the coordinates of the points, u1 and u2 are the temperature at the considered points, and  is the thermal conductivity of the body, that is the property of the material. In reality, we have the continuous body, no two separated points. Then the last formula is true if we consider infinite small interval dx. Now we have the following equality

                                                                                                                               (2.5)
that is called Fourier law. 
Put the result to the formula (2.4). We get

                                                                                             
This formula uses the supposition that the heat flus does not changes during the time interval from 0 to T. In reality, this value depends from time. Then this formula is true, if we consider the infinite small time interval dt. Denote the corresponding value of the heat quantity by dQ. We have


If we would like to determine the value for the time interval [t,t+t], it is necessary to integrate the last equality by t from t to t+t. Denoting the corresponding value of the heat quantity by Q2. We obtain

                                                                                                 (2.6)
We suppose that the heat quantity changes by heat flux only. Therefore, we have the equality
Q1 = Q2. 
Put here the values of the heat quantity from the equalities (2.3) and (2.6). We get

                                                                  (2.7)
The formula (2.7) characterizes the change of the heat quantity on the special interval [x,x+x] during the time interval [t,t+t]. 
Our next step is using of the main integral theorem 


where y* is the point from [a,b]. Transform (2.7)


where x*[x,x+x], t*[t,t+t]. Divide this equality by xt.


After passing to the limit as x  0, t  0, we get

                                                                                                                      (2.8)
This is the heat equation. For the homogeneous body we have


It has the shorter form
ut = a2 uxx .
Consider extensions:
· Heat source 


where f is the density of heat source.
· Convection


where v is the velocity.
· Heat exchange with environment


where u* is the temperature of the environment, k is the coefficient of the heat exchange. 
· Multidimensional cases
For two-dimensional case we have


For three-dimensional case we have


If our body is homogeneous, then we have the equation
ut = a2 (uxx + uyy + uzz).
Denote
u = uxx + uyy + uzz.
The operator  is called the Laplace operator. Then the general heat equation has the form
ut = a2 u.
Other interpretation: use the following analogy: 
heat transfer		diffusion		electroconductivity
heat quantity		mass			charge
temperature		concentration		charge density
heat flux		diffusion flux		charge flux
heat conductivity	diffusion coefficient	charge conductivity


2.2. String vibrating equation
Consider the oscillation of the long thin string in the plane. This phenomenon is characterized by the function u = u(x,t) that is the position of the string at the point x at the time t.
The impulse of the string is calculated by the formula
J = mv,
where m is the mass of the string, and v is the velocity. The velocity is the derivative of the coordinate. Then we have


Use the relation between the mass and the density. The density of the one-dimensional body is the mass of the unit interval. If we consider the string with the length X, then the corresponding mass is
m = X.
Now we calculate the impulse by the formula

                                                          
We have an interest to the change of the impulse during the time interval from the time t to the time t+t. Then we obtain

                                                                                                         (2.9)
The formula (2.9) give us the value of the impulse change under the supposition that the velocity does not change on the special interval [0,X]. In reality, it depends from x. Hence, this formula can be true, if the length of this interval is small enough. Suppose X is equal to the infinite small value dx. Denote by dJ the corresponding value of the impulse change. Then we have 

                                                                                                      (2.10)
If we would like to calculate the impulse change of the special interval from the point x to the point x+x, it is necessary to integrate the equality (2.10) by x. Denote the result by J1. We get

                                                                                                   (2.11)
The impulse is changes under a force. Particularly, the value of the impulse by the force F during the time T is
J = F T.
Now we have the tension force. This force has the direction of the tangent line to the curve that is the position to the string. We have an interest to the movement in the perpendicular direction to the axe x. Therefore, we have the formula
F =  sin ,
where k is the tension that is the characteristic of the material, and  is the angle between the tangent line and the axe x. Let us consider the small oscillation of the string. In this situation, the sinus of the angle is approximately equal to its tangent. Now we get


In reality, we have the movement, because there exists a difference of the tension forces at the different points of the string. Calculate the difference between the tension forces at the points x+x and x. We determine


Put it to the formula of the impulse. We obtain

                                              
This formula uses the supposition that the tension force does not changes during the time interval from 0 to T. In reality, this value depends from time. Then this formula is true, if we consider the infinite small time interval dt. Denote the corresponding value of the heat quantity by dJ. We have

                                              
If we would like to determine the value for the time interval [t,t+t], it is necessary to integrate the last equality by t from t to t+t. Denoting the corresponding value of the heat quantity by J2. We obtain

                                                                                               (2.12)       
We suppose that the impulse changes by tension force only. Therefore, we have the equality
J1 = J2. 
Put here the values of the impulse from the equalities (2.11) and (2.12). We get

                                                              (2.13)         
The formula (2.13) gives us the balance relation of the impulse on the special interval [x,x+x] during the time interval [t,t+t]. 
Using the main integral theorem, we have


Divide this equality by xt


Passing to the limit as x  0, t  0, we get

                                                                                             (2.14)
This is the string vibrating equation.
If the string is homogeneous, then we have the following form of the string vibrating equation


It has the shorter form
utt = a2 uxx .

Extensions:
· Vibrating under the exterior force 
utt = a2 uxx + f.
· Two-dimensional case (membrane vibrating equation)
utt = a2 (uxx + uyy)
· Three-dimensional case (wave equation).
utt = a2 (uxx + uyy + uzz)
Using Laplace operator, we have
utt = a2 u.

2.3. Poisson and Laplace equations and their interpretation
These systems have many interpretations.

2.3.1. Stationary heat transfer phenomenon
We now that the heat transfer in the homogeneous environment is described by the heat equation
ut = a2 u.
If we consider the stationary phenomenon, then the temperature does not depends from the time. Then its derivative with respect to the time is equal to zero. Then we obtain the formula
                                                                         u = 0.                                                            (2.15)
This equality is called the Lanlace equation. If have a heat source, that is does not depend from the time, then we have the following non-homogeneous equation
                                                                         u = f,                                                           (2.16)
which is called the Poisson equation.

2.3.2. Potential movement of the liquid 
The movement of the liquid is characterized by the vector function velocity v. If we have the non-vortex flow, then there exists a scalar function u, which is called the potential of the velocity field, such that
                                                                      v = –u.                                                             (2.17)
If we do not have any sources, then the velocity vector satisfies the equality
div v = 0.                                                        
Put here the value of the velocity from the formula (2.18). We get
div u = 0.
Using the definition of the divergence and the gradient, we transform this equality to the Laplace equation
u = 0.

2.3.3. Potential of the electric field
Consider a stationary electricity in an environment. We know Ohm law
j = E,
where j is the currant density, E is the electricity field, and  is the conductivity. The current density satisfies the equality
div j = 0,                                                        
which is the corollary of the Maxwell equations. Then we have 
div E = 0.                                                        
The electricity potential u satisfies the equality
E = –u.
Then we can determine the electricity potential from the Laplace equation.

Conclusions
· Mathematical physics equations are mathematical models of physical phenomena.
· The heat equation, string vibrating (wave) equation, and Laplace (Poisson) equation are the most important partial differential equations.
· These equations are the general subject of this course.
· Mathematical physics equations can have different physical interpretations.
· The heat equation is the mathematical model of the different transfer phenomena.
· The wave equation is the mathematical model of the different oscillation phenomena.
· The Laplace equation is the mathematical model of the different stationary phenomena.

Next step
It is necessary to determine what the partial differential equations are. We will consider the classification of these equations.


Task 2. Partial differential equations of the first order
Consider the first order partial differential equation

                                             , 0<x<L,  0<y<M,                                        (1)
where a, L, M are given constants. If a>0, then we can have the boundary conditions

                                                                                                       (2) 
or

                                                                                                    (3) 
If a<0, then we can have the boundary conditions

                                                                                                    (4) 
or

                                                    ,                                                (5) 
where  and  are given functions.
It is necessary to find the solution of the given problem, using characteristic method. Check that the result is, in reality, the solution of the problem. 

Table of parameters
	variant
	a
	boundary
conditions
	L
	M
	(y)
	(x)

	1
	2
	(2)
	1
	2
	sin y
	sin 2x

	2
	-2
	(4)
	2
	1
	cos 2y
	cos x

	3
	1/2
	(3)
	/2
	
	-sin y
	-sin 2x

	4
	-1/2
	(5)
	
	/2
	-cos 2y
	-cos x

	5
	3
	(2)
	
	/2
	sin 2x
	sin y

	6
	-3
	(4)
	/2
	
	cos y
	cos 2x

	7
	1/3
	(3)
	2
	1
	-sin 2y
	-sin x

	8
	-1/3
	(5)
	1
	2
	-cos y
	-cos 2x
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